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ASPECTS OF STABLE POLYNOMIALS
STEVE FISK
This article is an introduction to the properties of stable polynomials in
several variables with real or complex coefficients. These polynomials are
defined in terms of where the polynomial is non-vanishing.
Definition 1. Hd(C) =


All polynomials f(x1, . . . , xd) with complex coeffi-
cients such that f(σ1, . . . , σd) 6= 0 for all σ1, . . . , σd
in the right half plane. If we don’t need to specify d
we simply write H(C).
We call such polynomials stable polynomials. In one variable they are often
called Hurwitz stable.
This article is a companion to [7] where we studied polynomials non-
vanishing in the upper half plane.
Definition 2. Ud (C) =


All polynomials f(x1, . . . , xd) with complex coeffi-
cients such that f(σ1, . . . , σd) 6= 0 for all σ1, . . . , σd
in the upper half plane. If we don’t need to specify d
we simply write U (C).
Such polynomials are called upper polynomials.
Since multiplication by ı takes the right half plane to the upper half plane,
we have the important fact that
f(x1, . . . , xd) ∈ Ud (C)⇐⇒ f(ıx1, . . . , ıxd) ∈ Hd(C)
Consequently, many of the properties of H(C) follow immediately from the
properties of U (C), and their proofs will be omitted. See [1–7, 13] for more
information about U (C) and H(C). We use the notation in [7], and let RHP
denote the right half plane.
We do not cover well-known topics in one variable such as Routh-Hurwitz,
the Edge theorem, and Kharitonov theory. See [11,12].
1. Complex coefficients
These results are proved following the corresponding arguments for upper
polynomials. The main difference is the disappearance of minus signs for
H(C).
Fact 1.
(1) Suppose f(x) ∈ Hd(C).
(a) If α 6= 0 then αf(x) ∈ Hd(C).
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(b) If a1 > 0, . . . , ad > 0 then f(a1x1, . . . , adxd) ∈ Hd(C).
(c) If ℜ(σ1) > 0, . . . ,ℜ(σd) > 0 then f(x1 + σ1, . . . , xd + σd) ∈
Hd(C).
(d) If ℜ(σ) > 0 then f(σ, x2, . . . , xd) ∈ H(C).
(e) f(x1 + y, x2, . . . , xd) ∈ H(C).
(f) f(x, x, x3, . . . , xd) ∈ H(C).
(2) If f(x) ∈ H(C) then f(ıa, x2, . . . , xd) ∈ H(C) ∪ {0} if a ∈ R.
(3) H(C) is closed under multiplication and extracting factors.
(4) If
∑n
0 fi(x) y
i ∈ H(C) then
∑n
0 fi(x) y
n−i ∈ H(C).
(5) If f(x) ∈ H(C) then ∂xif(x) ∈ H(C) ∪ {0}.
(6) If
∑
fi(x)y
i ∈ H(C) then all coefficients fi(x) are in H(C) ∪ {0}.
We have interlacing for both H(C) and U (C); later we will see there is
another kind of interlacing when all the coefficients are real. Note that
interlacing is symmetric for stable polynomials.
Definition 3.
f(x)
H
←− g(x) if and only if f(x) + y g(x) ∈ H(C)
f(x)
U
←− g(x) if and only if f(x) + y g(x) ∈ U (C)
Fact 2.
(1) If
∑n
0 fi(x)y
i ∈ H(C) then fi(x)
H
←− fi+1(x) for i = 0, . . . , n − 1,
provided fi and fi+1 are not both zero.
(2) If f ∈ H(C) then f
H
←− ∂xif(x).
(3) Suppose f, g ∈ H(C)
(a) fg
H
←− gh iff h ∈ H(C) and f
H
←− g.
(b) If f
H
←− g then g
H
←− f .
(c) If f
H
←− g and f
H
←− h then f
H
←− g + h.
(d) If f
H
←− g and h
H
←− g then f + h
H
←− g.
(e) If f
H
←− g
H
←− h then f + h
H
←− g.
(4) (Hermite-Biehler) Suppose that f(x) is a polynomial, and write f(x) =
fe(x) + fo(x) where fe(x) (resp. fo(x)) consists of all terms of even
(resp. odd) degree. Then
f ∈ H(C) if and only if fe
H
←− fo.
Definition 4. If f(x) is a polynomial then fH(x) is the sum of all terms
with highest total degree.
Fact 3. Suppose that f(x) ∈ Hd(C) is an stable polynomial of degree n.
(1) fH(x) is a stable homogeneous polynomial.
(2) fH is the limit of stable homogeneous polynomials such that all mono-
mials of degree n have non-zero coefficient.
(3) All the coefficients of fH have the same argument.
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2. Real coefficients
Definition 5. Hd is the subset of Hd(C) whose coefficients are all positive.
The restriction that the coefficients are all positive is natural:
Fact 4. If f(x) ∈ H(C) has all real coefficients then all coefficients have the
same sign.
Proof. Suppose f(x) has degree n. We can write f(x) as a limit of fǫ(x)
where fǫ is stable, and all coefficients of terms of degree at most n are non-
zero. Since the signs of a stable polynomial in one variable are all the same,
an easy induction shows that all coefficients of fǫ have the same sign. Taking
limits finishes the proof. 
Fact 5. If a, b, c, d are positive then a+ bx+ cy + dxy ∈ H2.
Proof. If f(x, y) = a+ bx+ cy + dxy = 0 where x = r + ıs then
ℜ(y) = −
(ac+ bcr + adr + bdr2 + bds2)
(c+ dr)2 + d2s2
If r + ıs ∈ RHP then r > 0 so ℜ(y) 6∈ RHP. Thus f(x, y) can not have both
x, y in the right half plane, so f is stable. 
There are constructions of polynomials in H and H(C) using determi-
nants, and they follow from the corresponding results for U.
Fact 6. Suppose that A is skew-symmetric, S is symmetric, and all Di are
positive definite. ∣∣I + x1D1 + · · ·+ xdDd + ıS∣∣ ∈ Hd(C)∣∣I + xD1 + · · · + xdDd +A∣∣ ∈ Hd
Next we introduce polynomials that share the properties of both stable
and upper polynomials.
Definition 6. Let P+d = Hd ∩ Ud. Interlacing in P
+
d is defined as usual
f
P
←− g iff f + yg ∈ P+d
and is equivalent to f
H
←− g and f
U
←− g
In one variable, P+1 consists of all polynomials with all real roots, no pos-
itive roots, and all positive coefficients. Here’s an example of a polynomial
with positive coefficients that is not in P+2 . Let f(x, y) = x(x+ 3) + y (x+
1)(x+ 2). The roots of f(x, 1 + ı) lie in the second and third quadrants, so
f(x, 1 + ı) 6∈ U2 (C), and hence is not in P
+
2 .
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3. Analytic closure
Definition 7. Ĥd(C) is the uniform closure on compact subsets of Hd(C).
Fact 7.
(1) ex·y ∈ Ĥ2d(C) and e
x·x ∈ Ĥd(C).
(2) If f(x,y) ∈ H2d(C) then e
∂x·∂yf(x,y) ∈ H2d(C).
(3) If f(x) ∈ Hd(C) and g(x) ∈ Hd(C) then f(∂x)g(x) ∈ Hd(C) ∪ {0}.
This also holds for f ∈ Ĥd(C).
(4) Suppose T is a non-trivial linear transformation defined on poly-
nomials in d variables. T (ex·y) ∈ Ĥ2d(C) if and only if T maps
Hd(C) ∪ {0} to itself.
Example 1. The Hadamard product of f(y) and g(x, y) is given by
f ∗ g =
(∑
ai y
i
)
∗
(∑
gi(x) y
i
)
=
∑
ai gi(x) y
i
(1) It is easy to verify that f(x) ∈ P+1 then f(xy) ∈ H2(C).
(2) The linear transformation exp: xi 7→ xi/i! determines a map
H1(C) −→ H1(C). This follows from the above since the generating
function f(x, y) of exp is g(xy) where g =
∑
xi/(i!i!) ∈ P+1 .
(3) The linear transformation g 7→ f ∗ g has generating function
∑
(f(y) ∗ yixI)
viuI
i!I!
= ex·u exp f(yv)
This is in Ĥ(C), so we have a map P+1 × Hd(C) −→ Hd(C). It is
surprising [8] that the Hadamard also maps H1 ×H1 −→ H1.
Fact 8. Suppose that f(x,y) is a polynomial, and define T (g) = f(x, ∂y)g.
The following are equivalent.
(1) T : Hd(C) −→ Hd(C) ∪ 0.
(2) f(x,y) ∈ H2d(C).
4. Positive interlacing
If f
H
←− g then f + σg is stable for all σ in the right half plane. If we
restrict ourselves to just the real numbers in the right half plane we get
positive interlacing.
Definition 8.
f(x)
P
∼ g(x) if and only if f(x) + r g(x) ∈ P+ for all r > 0
f(x)
H
∼ g(x) if and only if f(x) + r g(x) ∈ H for all r > 0
Clearly both
H
∼ and
P
∼ are reflexive. In one variable f
P
∼ g is equivalent
to common interlacing. That is, f
P
∼ g if and only if there is an h ∈ P+1 so
that h
P
←− f and h
P
←− g. In general it follows from Fact 2 that
Fact 9.
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(1) If f, g ∈ P+ and there is an h such that h
P
←− f and h
P
←− g then
f
P
∼ g.
(2) If f ∈ P+ then ∂xi(f)
P
∼ ∂xj(f).
Here are some elementary properties of
H
∼ and
P
∼.
Fact 10. Suppose r, s are positive.
(1) f
H
∼ g iff rf
H
∼ sg. (2) f
H
∼ g iff f + rg
H
∼ g
(3) If h ∈ H then f
H
∼ g iff fh
H
∼ hg. (4) f
H
∼ g iff g
H
∼ f .
(5) f
P
∼ g =⇒ f
H
∼ g (6) f
H
∼ g 6=⇒ f
P
∼ g
(7) f
P
←− g =⇒ f
P
∼ g (8) f
P
∼ g 6=⇒ f
P
←− g
(9) f
H
←− g =⇒ f
H
∼ g (10) f
H
∼ g 6=⇒ f
H
←− g
Proof. The only ones that need any proof are the implication failures.
f
H
∼ g 6=⇒ f
P
←− g: If f = x2, g = 1 and t > 0 then f + tg = x2 + t ∈
H, but it is easy to check that x2 + y 6∈ P+2 .
f
H
∼ g 6=⇒ f
H
←− g: The above example also shows this, since x2+y 6∈
H2.
f
P
∼ g 6=⇒ f
P
←− g: If we let f = x(x+3) and g = (x+1)(x+2) then
f
P
∼ g. However, we have seen that f + yg 6∈ P+2 .

Fact 11.
(1) If
∑
fi(x)y
i ∈ H then fk(x)
H
∼ fk+2(x) for k = 0, 1, . . . .
(2) If f(x) + · · ·+ yz g(x) + · · · ∈ H then f
H
∼ g.
(3) If f
H
←− g then f
H
∼ xg.
(4) If f
H
←− g and f1
H
←− g1 then ff1
H
∼ gg1.
Proof. Since y2+ t ∈ H for positive t, we know ∂2y + t preserves H. We first
differentiate k times, yielding a polynomial in H. The constant term of
(∂2y + t)
[
k!fk(x) + (k + 1)!fk+1(x)y + (1/2)(k + 2)!fk+2(x)y
2 + · · ·
]
=
[
tk!fk(x) + (k + 2)!fk+2(x)
]
+ y(· · · )
is in H, which proves the first part. For the second part we multiply by
yz + t where t ≥ 0 and consider the coefficient of yz.
The third part follows from first part and the expansion
(f + yg)(xy + 1) = f + y(g + xf) + xg y2
Next, we compute
(f + yg)(f1 + yg1) = ff1 + y(fg1 + f1g) + y
2gg1
and the conclusion follows as above. 
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5. Properties of one variable
In this section we assume d = 1. When we restrict ourselves to one
variable there are some useful techniques for showing interlacing holds. We
let Qi denote the i’th quadrant.
Fact 12.
(1) f
H
∼ g iff f
g
: Q1 −→ C \ (−∞, 0).
(2) f
H
←− g iff f
g
: Q1 −→ RHP.
(3) f
P
←− g iff f
g
: Q1 −→ Q1.
(4) f
P
∼ g iff f
g
: Q1 −→ RHP
(5) f
P
∼ g implies f
H
←− g.
Proof. f
H
∼ g iff f + tg ∈ H1 for t > 0 iff −
f
g
(σ) 6∈ (0,∞) for σ ∈ RHP iff
f
g
: RHP −→ C \ (−∞, 0) iff f
g
: Q1 −→ C \ (−∞, 0) since f and g have real
coefficients.
Next, f
H
←− g iff f+yg ∈ H2 iff −
f
g
(σ) 6∈ RHP for χ ∈ RHP iff f
g
: RHP −→
RHP iff f
g
: Q1 −→ RHP.
If f
P
←− g then we take f to be monic, and we can write f =
∏
(x + ri)
and g =
∑
aif/(x + ri) where ri and ai are non-negative. If σ ∈ Q1 then
(g/f)(σ) =
∑
ai/(σ + ri) ∈ Q4, and so (f/g)(σ) ∈ Q1.
If f+tg ∈ P+1 for all positive t then f and g have a common interlacing[6],
so there is an h satisfying h←− f and h←− g. If σ ∈ Q1 then (f/g)(σ) =
f
h
h
g
(σ). By the first part (h/f)(σ) ∈ Q1 and (g/h)(σ) ∈ Q4, so (f/g)(σ) ∈
RHP.
The last one follows from the previous ones.

Fact 13.
(1) If f
P
∼ f1,. . . ,f
P
∼ fn then f
P
∼ f1 + · · ·+ fn.
(2) If f
P
←− fi and g
P
←− gi for 1 ≤ i ≤ n then fg
H
∼
∑
figi.
(3) If f
P
←− g then
∣∣∣ f gf ′ g′
∣∣∣ is stable.
(4) If f
P
←− g then the Bezout polynomial B(x, y) = 1
x−y
∣∣∣ f(x) f(y)g(x) g(y)
∣∣∣ is
stable.
Proof. The first one follows from Fact 12(4) since f1+···+fn
f
= f1
f
+ · · ·+ fn
f
.
The second follows from
1
fg
∑
figi =
∑ fi
f
gi
g
∈ UHP
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by Fact 12(3). For the next one, write f =
∏
(x + ri) and g =
∑
ai
f
x+ri
where the ai are non-negative then
(f ′g − fg′)(σ) = f2
∑ ai
(σ + ri)2
and this is in the lower half plane, so f2
H
←− f ′g−g′h. In particular, f ′g−g′h
is stable.
Finally, we show that f(x)f(y)
H
∼ B(x, y) by using the identity
B(x, y) =
∑
ai
f(x)
x− ri
f(y)
y − ri

Example 2. Assume that f0, f1, f2, . . . is an orthogonal polynomial se-
quence. The Christoffel-Darboux formula states that
f0(x)
2 + f1(x)
2 + · · ·+ fn(x)
2 =
kn
kn+1
∣∣∣∣fn(x) fn+1(x)f ′n(x) f ′n+1(x)
∣∣∣∣
for certain constants kn. It follows from Fact 13 that
f0(x)
2 + f1(x)
2 + · · ·+ fn(x)
2 is stable.
We can generalize the third part of Fact 13 in several ways. The proofs
are similar to Fact 13 – write the desired determinant in terms of the pa-
rameters and simple geometry implies it satisfies the conditions for positive
interlacing.
Fact 14.
(1) If
∑
fi(x)y
i ∈ P+2 and 0 < α < 2 then (f0)
2 H
∼
∣∣∣ f1 αf0f2 f1
∣∣∣.
(2) If
∑
fi(x)y
i ∈ P+2 then
∣∣∣ fk fk+1fk+1 fk+2
∣∣∣ is stable.
(3) Suppose that D1,D2,D3 are positive definite matrices, where D1 is
diagonal, and D2,D3 have all positive entries. If∣∣Id+ xD1 + yD2 + zD3∣∣ = f(x) + y g(x) + z h(x) + yz k(x) + · · ·
then
∣∣ f g
h k
∣∣ is stable.
6. Questions
Question 1. If f
P
∼ g or f
H
∼ g then do f and g have a common interlacing?
This is true for f
P
∼ g where f, g ∈ P+1 .
Question 2. If
∑
fij(x)y
izj ∈ P+3 and r is a positive integer then is the
following determinant stable?∣∣∣∣∣∣∣∣∣
f00 f10 · · · fr0
f01 f11 · · · fr1
...
...
...
f0r f1r · · · frr
∣∣∣∣∣∣∣∣∣
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